In this paper, we study the probability that a randomly chosen element in a finite group has a square root, in particular the simple groups of Lie type of rank 1, the sporadic finite simple groups and the alternating groups.
Introduction
Let S n be the symmetric group on n letters and let σ ∈ S n be a permutation of length n. We say that σ has a square root if there exists a permutation τ ∈ S n such that σ = τ 2 . Clearly, σ may have one or more square roots, or it may have none. Let S n 2 be the set of all permutations of length n which have at least one square root. Then the probability that a randomly chosen permutation of length n has a square root is given by p(S n ) = |S n 2 | n! .
The properties of p(S n ) have been studied by some authors. Asymptotic properties of p(S n ) were studied in [1] , [3] , [7] and in [4] , which is devoted to the proof of a conjecture of Wilf [12] that p(S n ) is monotonically non-increasing in n. Therefore, it is natural to replace S n by an arbitrary finite group G and study
where G 2 denotes the set of all elements of G which have at least one square root.
In this paper, we study the basic properties of p(G), the probability that a randomly chosen element in a finite group G has a square root. It is always true that 1 |G| ≤ p(G) ≤ 1, in particular we characterize the groups G which assume the minimum and the maximum values. We calculate p(G) in the case in which G is a simple group of Lie type of rank 1 or when G is an alternating group. A table of p(G) for the sporadic finite simple groups is also given. Of course, this will give us some examples of the possible values of p(G) and is the beginning of a possible more complete study about finite simple groups. We also prove that 0 and 1 are accumulation points for the subset {p(G)| G is a finite group} of the interval [0, 1].
Basic Properties
Let G be a finite group and let g be an element of G. If there exists an element h ∈ G for which g = h 2 , then we say that g has a square root. Clearly, g may have one or more square roots, or it may have none. Let G 2 be the set of all elements of G which have at least one square root, i.e., G 2 = {g ∈ G| there exists h ∈ G such that g = h 2 }, or simply G 2 = {g 2 | g ∈ G}. Then
is the probability that a randomly chosen element in G has a square root. We observe that the identity of a group G has trivially a square root. Therefore, we have 1
We want to characterize the groups G for which p(G) assumes the minimum and the maximum values.
Proposition 2.1 Let G be a finite group. Then we have (i) p(G) = 1/|G| if and only if G is an elementary abelian 2-group, (ii) p(G) = 1 if and only if |G| is odd.
For the proof of the above result, we need the following remark.
Remark 2.2 Let G be a finite group and suppose g, x ∈ G such that g = x 2 . Then either |x| = |g| is odd, or |x| = 2|g|.
Proof of Proposition 2.1.
(i) If p(G) = 1/|G|, then only the identity has a square root. Since every element of odd order has a square root, G cannot have non-trivial elements of odd order.
Therefore, G is a 2-group. If exp(G) > 2, then there exists an element x of order 4 and therefore x 2 ( = 1) has a square root, contradicting the hypothesis. Therefore, exp(G) = 2 and so G is an elementary abelian 2-group.
Conversely, if G is an elementary abelian 2-group, then only the identity has a square root, so p(G) = 1/|G|.
(ii) Suppose that p(G) = 1. This means that every element in G has a square root. Suppose, by contradiction, that |G| is even. If P is a Sylow 2-subgroup of G, let 2 n be the exponent of P and y an element of P of order 2 n . Let y = x 2 for some x ∈ G, then by Remark 2.2, we have |x| = 2|y| = 2 n+1 , contradicting the fact that exp(P ) = 2 n . So |G| is odd.
Conversely, if |G| is odd, then for any g ∈ G, |g| is odd and therefore there exists an element x such that g = x 2 . So every element in G has a square root and therefore p(G) = 1.
By Proposition 2.1, to avoid trivialities we can suppose that |G| is even. In this case, we denote by P a Sylow 2-subgroup of G. The following proposition presents a better lower bound for p(G) when G is a solvable group. Proposition 2.3 Let G be a finite group of even order, and P be a Sylow 2-
Proof. Let H be a 2 -Hall subgroup of G. Then |H| is odd, |G| = |H||P | and we have H = H 2 ⊆ G 2 . Therefore,
Moreover, if G is nilpotent, then there is a subgroup Q for which G = P × Q and |Q| is odd. Therefore, p(G) = p(P × Q) = p(P )p(Q) = p(P ).
It is easy to calculate p(G) if G is abelian. Proof. (i) Since G is an abelian group, G 2 is a subgroup of G. It is now easy to see that f : G → G 2 where f (x) = x 2 is an epimorphism. Therefore, G/Ker(f ) ∼ = G 2 .
Thus,
where t(G) is the number of involutions of G.
(ii) We know that t(G) ≥ 1 if and only if |G| is even. Therefore, (ii) is a consequence of (i).
Corollary 2.5 For any ∈ R with > 0, there exists a finite (abelian) group G such that 0 < p(G) < .
Proof. Let n be a positive integer such that 1/2 n < and consider a finite elementary abelian 2-group G of order 2 n . Then we have p(G) = 1/2 n < .
The general case is not so easy to deal with. We can observe that neither (i) nor (ii) of Theorem 2.4 hold in the general case, as the following examples illustrate.
Example 2.6 Let G = D 2n be a dihedral group of order 2n. If C is the normal cyclic subgroup of G of order n, then every element of G \ C has order 2. Therefore,
On the other hand, if C is of even order, then p(C) = 1/2; and if C is of odd order, then p(C) = 1. Therefore,
This example shows that p(G) can have no relation at all with the number of invo-
Example 2.7 Let G = A 4 be the alternating group on 4 letters, then
Simple Groups of Lie Type of Rank 1
In this section, we calculate p(G) in the case in which G is a simple group of Lie type of rank 1. This will give us some examples of the possible values of p(G) and is the beginning of a possible more complete study about finite simple groups. We recall that the simple groups of Lie type of rank 1 are the projective special linear groups P SL(2, q) with q ≥ 4 a prime power, the Suzuki groups Sz(q) ∼ = 2 B 2 (q) with q = 2 an odd power of 2, the Ree groups R(q) ∼ = 2 G 2 (q) with q = 3 an odd power of 3, and the projective unitary groups P SU (3, q 2 ) with q = 2 a prime power. We observe that if g is an element of odd order of a finite group G, then g has a square root. We also remark that if g has a square root, then every conjugate of g has also a square root; it is therefore enough to consider the representative of each conjugacy class. Finally, we sometimes consider the set G \ G 2 in order to obtain p(G) since it generally requires less calculations.
Proposition 3.1 If G = P SL(2, q) with q ≥ 4 a prime power, then
if q is odd,
Proof. We recall that |G| = q(q − 1)(q + 1)/d, where d = (2, q − 1). Let ν be a generator of the multiplicative group of the field of q elements. Denote
and b an element of order q + 1 (Singer cycle) in SL(2, q). By abuse of notation, we use the same symbols for the corresponding elements in G. From the character table of SL(2, q) (see [6, Theorem 38 .1] and [8] ), one gets easily the character table of P SL(2, q). We reproduce it below for the convenience of the reader.
We first suppose that q is odd and q ≡ 1 (mod 4). Then in the above notation, the elements 1, c, d, a l and b m for 1 ≤ l ≤ (q − 1)/4 and 1 ≤ m ≤ (q − 1)/4 form a set of representatives for the conjugacy classes of G. The complex character table head of G is
We count the elements which do not have square roots. If a is the element of order (q − 1)/2 defined above, then the elements of even order of G are conjugate to some power of a. If we consider the subgroup a , then the number of elements which do not have square roots in a is exactly | a |/2 = (q− 1)/4 by Theorem 2.4. Since the (distinct) conjugates of a have trivial intersection with a , the total number of elements of G which do not have square roots is obtained by multiplying (q − 1)/4 by the number of conjugates of a , which is |G : N G ( a )|. Hence,
We now suppose that q is odd and q ≡ 3 (mod 4). Then in the above notation, the elements 1, c, d, a l and b m for 1 ≤ l ≤ (q − 3)/4 and 1 ≤ m ≤ (q + 1)/4 form a set of representatives for the conjugacy classes of G. The complex character table head of G is 
We conclude p(G) = 3/4 in both cases. If q = 2 n , then the only elements which do not have square roots are the elements of order 2. There is only one class containing q 2 − 1 elements, therefore
Corollary 3.2 For any ∈ R with > 0, there exists a finite (non-abelian simple) group G such that 1 − < p(G) < 1.
Proof. Let n be a positive integer such that 1/2 n < and consider G = P SL(2, q), where q = 2 n . Then we have p(G) = (q − 1)/q. On the other hand,
Proof. We recall that the order of G is q 3 (q 3 + 1)(q − 1), where q = 3 f , f ≥ 3 an odd positive integer. The conjugacy classes of the Ree groups are well known (see, for example, [11] ). Since all the elements of odd order have square roots, we recall here the conjugacy classes of the elements of even order of G:
with 1 ≤ a ≤ (q − 3)/4 and 1 ≤ b ≤ (q − 3)/8. Here J is an element of order 2, whose centralizer is J × L with L ∼ = P SL(2, q) and therefore has order q(q − 1)(q + 1). Moreover, R, S, and T are elements of L such that |R| = (q − 1)/2 (odd), |S| = (q + 1)/4 (odd), and |T | = 3. Also, JR a has order 2|R a |, and a = 1, . . . , (q − 3)/4. The centralizer of JR a has order q − 1. Moreover, (JR a ) 2 = R 2a and therefore no element of the type JR a has a square root in G.
Finally, JS b has order 2|S b |. Here S = S 2 0 with S 0 an element of L of order (q + 1)/2. Using the character table of P SL(2, q) (see [6] ), we easily obtain that there are (q − 3)/8 such classes. The centralizer of JS b has order q + 1. Moreover, (JS b ) 2 = S 2b and therefore no element of the type JS b has a square root in G.
Since there is no element in G of order 4 or 12, the elements J, JT , and JT −1 do not have square roots. Then
Therefore, p(G) = 5/8.
Proposition 3.5 If G = P SU (3, q 2 ) with q a prime power and d = (3, q + 1), then
Proof. The character table of G can be found in [9] . We reproduce the character table head below for the convenience of the reader. Let θ, σ, ρ, and ω be elements of the field F q 2 with q 2 elements such that θ 3 = 1, ω 3 = 1, σ q−1 = ρ, and ρ q+1 = 1. and τ an element of order (q 2 − q + 1)/d in P SU (3, q 2 ). By abuse of notation, we use the same symbols for the corresponding elements in G. The complex character 
We count the elements which do not have square roots. We first suppose that q = 2 n is even, then all the semi-simple elements have square roots. Therefore, the only classes we have to consider are C 2 , C l 3 , and C k 5 with l and k as described above. We observe that there is only a conjugacy class C 2 of elements of order 2. Since exp 2 P SU (3, 2 2n ) = 4, the elements of order 2 have square roots. The elements of the classes C l 3 have all order 4, and therefore they do not have square roots for any
We observe that if there exists an element g such that g 2 ∈ C k 5 for some k, then also g ∈ C i 5 for some i. But if g ∈ C i 5 , then g 2 ∈ C 2i 4 . Therefore, the elements of the classes C k 5 do not have square roots. We therefore count them:
Hence,
We now suppose that q is odd. The elements of the classes C 1 , C 2 , C l 3 , C 6 and C k 8 with l and k as described above have all odd order and therefore they have square roots. We observe that g
is a square root of (a conjugate of) the element c k . Therefore, all the elements in the classes C k 4 have square roots. We observe that the conjugacy classes C k 5 where 1 ≤ k ≤ (q + 1)/d − 1 are in one to one correspondence with the non-trivial classes of a cyclic group of order (q + 1)/d. Moreover, we observe that if there exists an element g such that g 2 ∈ C k 5 for some k, then also g ∈ C i 5 for some i. Therefore, there are exactly (q + 1)/2d classes such that their representatives do not have square roots.
We consider the conjugacy classes C k 7 with k as described in the character table. Then g k is a square if and only if k ≡ 2l (mod (q 2 − 1)/d). Therefore, there are exactly (q 2 − 1)/4d classes such that their representatives do not have square roots
. We consider the classes C k,l,m 6 with k, l, and m as described in the character table. We first suppose that d = 3. We observe that f k,l,m is a square if and only if k ≡ 2i (mod (q + 1)/d) and l ≡ 2j (mod (q + 1)/d). Then it is enough to count the pairs (i, j) such that 1 ≤ i < j ≤ (q + 1)/6. There are (q 2 − 4q − 5)/72 such pairs. Since we are considering the elements which do not have square roots, there are (q 2 − q − 2)/18 − (q 2 − 4q − 5)/72 = (q + 1)(q − 1)/8d such classes. If d = 1, then f k,l,m is a square if and only if k ≡ 2r (mod q + 1), l ≡ 2s (mod q + 1), and m ≡ 2t (mod q + 1). We count the triples (r, s, t) such that 1 ≤ r < s < t ≤ (q + 1)/2 and r + s + t ≡ 0 (mod (q + 1)/2). The number is (q + 1)/2 2 − 3(q + 1)/2 + 2 /6 = (q 2 − 4q + 3)/24. Since we are considering the elements which do not have square roots, there are (q 2 −q)/6 − (q 2 −4q +3)/24 = (q + 1)(q − 1)/8d such classes. Therefore, in both cases, we have (q 2 − 1)/8d classes of the type C k,l,m 6 . We can now count the total number of elements which are not square roots:
Therefore, p(G) = 1 − 3q 2 + 5q + 4 8q(q + 1) = 5q 2 + 3q − 4 8q(q + 1) .
We observe that if G is a simple group of Lie type of rank 1, then p(G) > 1/2.
Therefore, one may ask: For which finite simple groups G, is p(G) > 1/2? In Theorem 4.4 of the next section, we shall see that for almost all alternating groups G, p(G) < 1/2. Moreover, if G is one of the sporadic groups M 12 , J 2 , Ru, Co 3 , Co 2 , F i 22 , HN, F i 23 , Co 1 , B, and M , then p(G) < 1/2 .
Using the character tables in [5] , it is easy to calculate p(G) for the sporadic finite simple groups. If G is a sporadic finite simple group, then the values of p(G) range from p(Ru) = 193/640 to p(M 22 ) = 35/48: 4 Symmetric and Alternating Groups the square of a cycle of length k is a cycle of length k if k is odd, and is the product of two cycles of length k/2 if k is even. Therefore, a cycle of length 2k in σ can only be obtained by squaring a cycle of length 4k of τ . This gives the product of two cycles of length 2k in σ. Therefore, c 2k is even. To prove (ii), suppose for each j, we have c 2j−1 ≤ 1. Therefore, the disjoint cycle decomposition of σ consists of l = k c 2k cycles of even order of lengths 2k 1 , . . . , 2k l and possibly some cycles of odd length, each length 2j − 1 appearing only once. Therefore, τ consists of l/2 cycles of lengths 4k 1 , . . . , 4k l/2 and maybe some cycles of odd length. Since τ ∈ A n , l/2 is even, and therefore l = k c 2k is a multiple of 4.
To prove the converse, first note the following two constructions. If a cycle (a 1 a 2 a 3 . . . a k ) has odd length, then it is the square of the cycle (
. . , and the subscripts are taken modulo k. Thus, any cycle of odd length is the square of a cycle of the same length. Moreover, for any two cycles of the same arbitrary length, such as (a 1 a 2 . . . a k ) and
Therefore, the product of two cycles of the same length is the square of a single cycle of doubled length. Now suppose σ has properties (i) and (ii) as in the assertion. We shall construct τ ∈ A n such that σ = τ 2 . According to (i), we can write σ as the product of an even number of cycles of even length and some number of cycles of odd length. Divide these cycles of even length into groups of two cycles of equal length, using the scheme explained above. Now if l = k c 2k = 4s for some s, this product of cycles can be represented as the square of l/2 cycles of even length. Similarly, each of the cycles of odd length is the square of a cycle of the same length. Therefore, we obtain a permutation τ such that σ = τ 2 and τ has l/2 cycles of even length and some cycles of odd length, so τ ∈ A n . Otherwise, if l = k c 2k = 4s + 2 for some s, then by (ii), there are at least two cycles of the same odd length, say of length 2j − 1. Now divide the cycle decomposition of σ into the following groups: groups of two cycles of equal even lengths (there are l/2 such groups), a group of two cycles of length 2j − 1, and the rest, which are some cycles of odd length. Each of these groups is a square of a cycle, but note in particular that we write the two cycles of length 2j − 1 as the square of a single cycle of length 4j − 2, while we write the other cycles of odd length as the square of a cycle of the same length. Thus, we obtain τ such that σ = τ 2 and τ consists of l/2 cycles of even length, another cycle of length 4j − 2 (even), and some cycles of odd length, so τ ∈ A n .
Proof of Theorem 4.2.
We are looking for the generating function of the sequence {p(A n )} n≥2 . Consider the cycle type vector (c 1 , c 2 , . . .) of a permutation of n letters. By Theorem 4.7.2 of [12] , the coefficient of ( n m=1 x m cm )t n /n! in the product ∞ m=1 exp(x m t m /m) is the number of permutations of n letters whose cycle type is (c 1 , c 2 , . . .) . The infinite products and infinite sums occurring in the assertion and in the following proof are considered as elements of the ring
] of formal power series in the variable t over the polynomial ring C[x 1 , x 2 , . . .] in the infinitely many variables x 1 , x 2 , . . .. The elements exp, cosh, and cos are certain formal power series, which coincide with those derived by the Taylor expansion of corresponding analytical functions. Using this, it is easily checked that all products and sums occurring indeed are well defined.
Firstly, we calculate |S n 2 \ A n 2 |. By Lemma 4.3, σ ∈ S n 2 \ A n 2 if and only if c 2k
is even for all k, c 2j−1 is 0 or 1 for all j, and the number of cycles of even length is 2 (mod 4). Therefore, with an argument similar to that used in [12, p. 147] , one can obtain the generating function of the sequence {S n 2 \ A n 2 } n≥2 . As c 2k should be even for all k and c 2j−1 ≤ 1 for all j, the terms exp x m t m /m in the product To impose condition m c 2m ≡ 2 (mod 4), we need some more tricks. Replacing each x 2m in ∞ m=1 cosh x 2m t 2m /2m by sx 2m , it is trivial that we only need to compute powers of s of the form s 4l−2 in
But since F contains only even powers of s, it is enough to compute powers of s in
Finally, if we replace s by 1, we obtain the generating function of the sequence {S n 2 \ A n 2 } n≥2 :
1 + x 2m−1 t 2m−1 2m − 1 1 2 F (t, 1) − F (t, i) = 1group G such that 0 < p(G) < .
Finally, we recall another theorem which holds for the group S n but has no analogue for the group A n . Theorem 4.6 ([12]) For each n ∈ N, we have p(S 2n ) = p(S 2n+1 ).
From the first terms of the sequence {p(A n )} n≥2 , we can observe that in this case, there is no analogue to Theorem 4.6. In fact, for example, p(A 6 ) = p(A 7 ).
